Abstract. An infinitesimal theory for bending and earthquaking in onedimensional dynamics is developed. It is shown that any tangent vector to Teichmuller space is the initial data for a bending and for an earthquaking ordinary differential equation. The discussion involves an analysis of infinitesimal bendings and earthquakes, the Hilbert transform, natural bounded linear operators from a Banach space of measures on the Mobius strip to tangent vectors to Teichmuller space, and the construction of a nonlinear right inverse for these operators. The inverse is constructed by establishing an infinitesimal version of Thurston's earthquake theorem.
Introduction
A smooth curve of quasisymmetric homeomorphisms of a circle induces a smooth curve in Teichmuller space. An important problem in dynamics is to construct such a curve which is compatible with a dynamical system (see, for example, [16] and [17] ). One method of construction comes from the existence theorem in the complex domain for solutions h(z) to the Beltrami equation hj(z) = p(z)hz(z).
If the Beltrami coefficient p is compatible with a twodimensional dynamical system, such as a Fuchsian or Kleinian group or an expanding polynomial-like mapping defined in a neighborhood of a repeller, then the homeomorphism h restricted to the limit set conjugates the dynamical system to another equivalent dynamical system. The compatibility of the Beltrami coefficient is what forces the new dynamical system to act on the limit set as a group of Mobius transformations or as an expanding polynomial-like mapping. But in order to make use of the Beltrami coefficient, one must be able to extend the dynamical system to the complex domain.
Thurston's earthquake theorem [18] is another way to construct dynamical curves in Teichmuller space. Although the earthquake itself takes place along nonintersecting geodesies in the hyperbolic plane, it is given by a measure a defined on the direct product of the boundary of the hyperbolic plane with itself. The measure a defined on 51 x 51 takes the place of the Beltrami coefficient p, and the compatibility of o with a real dynamical system can be expressed without extending the dynamical system to the complex plane. It is an idea of Dennis Sullivan that such o can be used to construct curves of one-dimensional dynamical systems in a given smoothness class. In this paper we set up the infinitesimal theory for the construction of such curves.
A typical simple bending homeomorphism is given by the formula (1) h(x) = |x|Q sign(x), 0 < a and x in R.
Our justification for calling this a bending is that it arises as the welding homeomorphism for the real axis in the complex plane bent in the following way. The positive real axis is fixed and the negative real axis is bent to a ray emanating from the origin and pointing with angle nfi, 0 < /7 < 2. Then f(z) = z^ is the Riemann mapping from the upper half plane onto the upper side of this bent real axis, normalized to fix 0, 1, and oo. Moreover g(z) = zy is the similarly normalized Riemann mapping from the lower half plane to the lower side of this bent real axis, where fi + y = 2. One finds that the welding homeomorphism, which is g~x ° f restricted to the real axis, is equal to h, where a = fi/(2-0).
A typical simple earthquake homeomorphism h is given by the formula .. , ( cx for negative x, c in R+ ,
h(x) = 1 I x for nonnegative x.
The rationale for calling this h a simple earthquake is that it is the boundary value of the self-mapping of the upper half plane which is the identity in the first quadrant and z ^ cz in the second quadrant. Of course, this mapping is discontinuous along the imaginary axis and, if c > 1, it is called a right earthquake because, for a person standing in the first quadrant and looking across the v-axis, the second quadrant appears to move to the right. Similarly, for a person standing in the second quadrant and imagining himself to be stationary, the first quadrant would appear to move also to the right. The y-axis is the hyperbolic geodesic which is the fault line for this simple earthquake.
The first important idea of this paper is the relationship between bending, earthquaking and the Hilbert transform. In sections 1, 2, and 3 we show why the Hilbert transform of an infinitesimal bend is precisely equal to an infinitesimal earthquake. This relationship is suggested but not explicitly declared in the paper of Wolpert [19] on the Fenchel-Nielsen twist deformations.
The observation that the classical Hilbert transform gives the almost complex structure for Teichmuller space is due to Kerckhoff. In [13] Nag and Verjovsky make the connection between the almost complex structure for Teichmuller theory and the almost complex structure for the Lie algebra of the Lie group of the C°° diffeomorphisms of 51. In the Ahlfors-Bers approach to Teichmuller theory, the holomorphic dependence of a solution to the Beltrami equation on the Beltrami coefficient p leads to the complex structure for Teichmuller space. In a purely one-dimensional theory, we expect the relationship between bending and earthquaking to be the foundation for a complex structure on a deformation space.
The second idea of this paper is to introduce a suitable Banach space norm for measures on 51 x 51 and to show that the infinitesimal bending operator gives a bounded linear mapping from this space to the Banach space to the space Z of Zygmund bounded vector fields.
The third idea is the construction of a right inverse to the bending operator, the existence of which implies that the infinitesimal bending operator is surjec-tive. Since the Hilbert transform of an infinitesimal bend is an infinitesimal earthquake, it suffices to construct a right inverse to the infinitesimal earthquake operator. The construction we give arises from the study of a version of Thurston's earthquake theorem for finite configurations of points on the unit circle. So far as we can see, this version of the earthquake theorem cannot be deduced from Thurston's result for homeomorphisms of 51 . The version we have in mind applies to the following initial data. A finite subset E of 51 is given and a cyclic order preserving mapping h from E to h(E) c 51 is also given. Then there exists a unique allowable way to draw hyperbolic fault lines connecting the points of E and to assign nonnegative weights to these lines so that, up to postcomposition by a Mobius transformation, the mapping h is realized by sliding to the left along each of the hyperbolic lines a hyperbolic distance equal to the assigned weights. The configuration of fault lines is allowable if no two of the lines intersect and no two adjacent points of E are joined by a line. The restrictions on allowable configurations of fault lines are key to understanding the construction; without them and the assumption that the weights are nonnegative, the homeomorphism fails to be uniquely determined. For the mapping h defined only on the finite set E, the construction gives a canonical way to select a homeomorphism of the whole circle which agrees, up to postcompositions by a Mobius transformation, with h on E. On each of the intervals between the points of E the homeomorphism is a canonically selected Mobius transformation. Thurston's earthquake theorem applied to this specifically selected homeomorphism will be realized by an earthquake along a lamination by ideal polygons (which generically are ideal triangles) such that the sides of these polygons are the fault lines of the allowable configuration.
We use an infinitesimal version of this theorem to construct a right inverse to the infinitesimal earthquake operator. For finite configurations the construction is carried out by taking a lower quadratic polynomial convex hull. To obtain the general solution, we use a limiting process taking limits in the weak topology on Z.
The graph of a simple infinitesimal earthquake is a piece of a concave parabola truncated below by a horizontal line. This basic element is closely related to the theory of wavelets. The first derivative of the simple infinitesimal earthquake is identically zero except on an interval, where it is linear and has mean equal to zero. The construction we give for Lemma 5.1 gives an effective way to encode in an atomic measure a vector field defined on a finite set E. The vector field decomposes in a unique way into a nonnegative sum of these wavelets with nonoverlapping intervals of support. By appropriate applications of the Hilbert transform, we also can decompose a general Zygmund bounded vector field into bending wavelets. The formulas for the bending wavelets are B(x) = xlog|x| or the pullback of B(x) by a Mobius change of coordinates. Since the derivative of B(x) is essentially log \x\, we expect there is a canonical way to decompose a BMO-function into Mobius pullbacks of the function log |jc| which fits with the John-Nirenberg theorem [8, p. 230] . The John-Nirenberg theorem characterizes BMO-functions by exponential decay of distributions at all scales.
The consequence of the three ideas is that there are a bending measure and an earthquake measure for any vector field in Z. Since these measures can be transported by pushforward by an arbitrary quasisymmetric mapping, corresponding to any initial vector field in the fiber of the tangent space to Teichmuller space T, we obtain two sections of the tangent bundle to T, one corresponding to earthquaking and one corresponding to bending. By Thurston's earthquake theorem [18] , we know that the earthquake section is always integrable, but the corresponding problem for bending is unsolved. These topics are discussed in the appendix.
I would like to thank Dennis Sullivan for many helpful suggestions and discussions. Nikola Lakic has also made several important corrections and has provided the proof of the uniqueness part of Theorem 5.1. As a model for the circle with projective structure on which the elements of QS are defined, we usually take the extended real axis, R, or the unit circle, 51, in the complex plane, both with the standard projective structure.
Universal Teichmuller space T equals the coset space QS mod PSL(2, R) with the quotient topology; two elements hx and h2 are in the same coset if A o hi = h2 for some Mobius transformation A . The tangent space to T is a certain Banach space of continuous vector fields V(x)j^ defined on R factored by the three dimensional subspace of quadratic polynomials with real coefficients. This subspace corresponds to those vector fields which are tangent vectors to curves of Mobius transformations. To describe a norm for this Banach space, we pick an arbitrary set of three contiguous intervals L, M, R on the circle and let T be the union of these three intervals. L, M, R, and T stand for left, middle, right, and total. We let these letters also stand for the directed lengths of these intervals. This means that if L, M, and 7? are positive, then T is negative. The ratio MT/LR is one of the cross ratios of the four boundary points ofthese intervals. In general, a cross ratio of four distinct points takes values in C -{0, 1, oo} and, if the four points lie on a circle or a line, the cross ratio is real. Let cr be the cross ratio MT/LR and p be the Poincare metric for C -{0, 1, oo} . 
where the supremum is taken over all possible choices of contiguous sets of three intervals L, M, R with T = LUMUR. For every choice of L, M, R, and T, the curve ht(x) = x + tV(x) + o(t) induces a curve of cross ratios moving along the real axis in C -{0, 1, 00}. The assertion that \\V\\S is finite amounts to saying that this curve has bounded instantaneous velocity at t = 0 in the Poincare metric. Notice that ||F||^-= 0 if, and ortly if, V is a quadratic polynomial. Thus \\V\\Z annihilates precisely those vector fields which are tangent vectors to curves of Mobius transformations.
Remark. We could use the same norm ||K||jg-as a norm for complex-valued vector fields V(z)£ defined in the extended complex plane C. Then it is an exercise to show that \\V\\^ < 00 if, and only if, \V(z)\ = 0(z2) as z -> 00 and V has first partial derivatives in the generalized sense and d V = p is in 7_oo(C). Moreover, \\V\\Z < H^Uoo < (const)\\V\\Z and V(z) differs by at most a quadratic polynomial in z from the integral Since near z = 0 the Poincare density p(z) is asymptotic to (|z|log|z|-1)-1, the appearance of the Poincare density p in the definition (1.2) shows that a bound on ||F||_2-implies V(z) has an |e loge|-modulus of continuity.
If we let L = [x -t, x], M = [x, x + t], and 7? = [x + t, x + b], then as b approaches 00, the cross ratio MT/LR of directed lengths approaches -1 and, assuming V(x) = o(x2) as x approaches 00, the expression in the supremum of (1.2) approaches the constant p(-l) multiplied by
The space of continuous functions V(x) for which (1.3) is bounded for all x and t is called the space of Zygmund bounded functions. In [20] , Zygmund shows by direct calculation that a bound on (1.3) implies V(x) satisfies an |eloge|-modulus of continuity.
In [6] it is proved that the tangent space to Teichmuller space can be identified with the Banach space of continuous functions defined on R for which (1.3) is bounded factored by the two dimensional subspace of affine functions. A norm on this space of functions can be defined as the supremum of e(x, t) for all x and f in R, where e(x, t) is given by (1.3). This norm is equivalent to the norm given by (1.2) on those V(x) which grow no faster than \xlog \x\\ as I*I -> 00 . Moreover, any element V of Z, after the subtraction of a suitable quadratic polynomial, is one for which s(x, t) is bounded.
The tangent space to Teichmuller has other descriptions. It is (i) the dual Banach space to the space s/ of integrable holomorphic quadratic differentials defined in the upper half plane H, (ii) a factor space of L^ complex-valued functions defined on H, and (iii) the space 38 of bounded cusp forms on EI. yields an isomorphism from 2 onto Loo/N (see [6] ). To obtain the isomorphism from 2 to 38, apply the Hilbert transform 77 to V . HV is determined, up to additive real constant, by the condition that V(x) + iHV(x) has a holomorphic extension V(z) + iHV(z) to the upper half plane. Let ip he the third derivative of this holomorphic function. The transformation V ^ ip is an isomorphism from 2 onto 38. Theorem 1.1 implies an assertion about smooth curves of quasisymmetric homeomorphisms passing through the identity. On the one hand, if ht is a C1 curve in QS such that ho is the identity, then there exists a vector field V(x)£ in 2 such that
where the constant in o(t) is uniform with respect to x in bounded intervals.
On the other hand, if a vector field V(x)j^ in 2 is given, then there exists a real analytic curve ht in QS such that (1.5) holds. Assume tp in sf is a rational function given by a finite sum (1.6) tp(z) = £tZ%> where pj and x, are real, X) Pj -0, and J2 Pjxj = 0 • The last two conditions assure that \\(p\\sf = //H \<p(z)\ < oo. By a theorem of Bers [12] , the set of such rational functions, with simple poles at the points Xj on the real axis and with real-valued residues Pj , is dense in sf .
Under the isomorphisms of Theorem 1.1, the pairing between sf and Loo /TV corresponds to the pairing between sf and 2 given by In particular, \\V\\Z defined in (1.2) and \\V\\T defined in (1.8) are equivalent norms on 2.
We now give two examples of curves ht in QS with tangent vectors in 2 which play a central role. Then ht is a curve in QS passing through the identity with tangent vector E(x) at t = 0. Moreover,
for every x and t. A quasiconformal extension of h, to the upper half plane is w,(rew) = (e'(*-«>/*)re'* and its dilatation K satisfies K + \/K = 2 + (?/7r)2 .
Example 2 (A simple bending). Let Ti(x) = xlog|x| and
Then /z, is a curve in gS passing through the identity with tangent vector T7(x) at 7 = 0. Moreover, (1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) jtht(x) = B(ht(x))
for every x and t. A quasiconformal extension of ht to the upper half plane is w,(reie) = r*Vfl, and its dilatation is e'.
The Teichmuller distance of a quasisymmetric mapping from the identity is equal to the infimum of the logarithms of the dilatations of all quasiconformal homeomorphisms which extend the given mapping to the upper half plane. Comparing Examples 1 and 2, we see that while the bending moves an unbounded distance away from the identity, the earthquake moves an amount which is on the order of the logarithm of that distance.
There is a simple relationship between the vector fields E(x) and T7(x) in these two examples. The Hilbert transform of E(x) is a constant times T7(x). This fact can be seen by looking at the real and imaginary parts of the function z log z which is holomorphic in the upper half plane. Using the polar notation z = re'e and picking the branch of log z = log r + id, where d is between 0 and n, we have z logz = (x + z»(logr + id) = x logr -yd + i(x8 + y logr).
Setting v equal to zero, we find that the Hilbert transform of xlog|x| is the function which is equal to 0 for positive values of x and equal to nx for negative values of x. Since the Hilbert transform is an involution, that is, since TT2 = -I, the Hilbert transform of a bend is an earthquake and the transform of an earthquake is a bend.
Four points of the compass
We now construct two different curves of quasiconformal homeomorphisms of the upper half plane. To specify these quasiconformal mappings, we use the Beltrami equation
Given p in Loo(C) with \\p\\oo < 1, this equation has a solution w which is a quasiconformal homeomorphism of C and which is unique up to postcomposition by a Mobius transformation [2] . Assume the Beltrami coefficient p satisfies the symmetry condition, p(z) = p(z). For such p the mapping w preserves the real axis and its restriction to the real axis is quasisymmetric. If we assume w fixes 0, 1, and oo, then w is determined by p. Let do and f7i be close to n/2 with do less than and 6X greater than 7r/2. Consider the sector 5 in the upper half plane defined by do < arg z < 6X. Let Sx be the first quadrant minus this sector and 52 be the second quadrant minus this sector. Define a mapping wt, which coincides on the real axis with the mapping ht of The Beltrami coefficient pt of wt is identically zero in Sx U 52 and, in 5, it is equal to
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Differentiating the Beltrami coefficient of w, at t = 0 yields
Thus, as a vector field, this Beltrami coefficient represents the linear functional in sf* given by *"-Re2w^)JL<p{z)Zidxdy-
The curve of quasisymmetric mappings determined by the restriction of wt to the real axis is independent of the different choices of dx and 0o. So we can let 0i decrease to 7r/2 and 0o increase to 7t/2 without changing the vector field. The expression becomes
where the last integration is along the positive imaginary axis. This formula gives a bounded linear functional on sf and, from formula (2.2), it is the infinitesimal form of a left twist. In the limit, the sector 5 converges to the imaginary axis and the mapping converges to z >-> e'z in the first quadrant and the identity in the second quadrant. It is discontinuous on the imaginary axis, which is the fault line. It is a left earthquake because, looking from the second quadrant, the first quadrant appears to move to the left. If t is replaced by -t in the formula, we obtain a right earthquake so changing the sign on the right-hand side of (2.4) yields the infinitesimal form of a right earthquake.
Next, we consider a quasiconformal mapping which preserves the upper half plane, which has Beltrami coefficient supported in the sector S, and whose restriction to the real axis is the bending mapping of Example 2. It is unnecessary to give an explicit formula for this mapping. Instead, we merely specify a Beltrami coefficient which corresponds to fattening the sector 5 to a thicker sector 5'. Consider the mapping from 5 to 5' given by re'e >-* re'Ke . To make this into a curve of mappings which fattens by an amount which is independent of the size of the sector, we let K = (1 + k)/(\ -k) and k = t/2(dx -0O). If Ms replaced by -t, we obtain a thinning deformation. The Beltrami coefficient of this mapping is ( -k • = in the sector 5, pt = < [ 0 elsewhere.
Extending p, to the whole plane by the symmetry condition p{z) = p(z) and solving the Beltrami equation (2.1), we obtain a quasiconformal homeomorphism w, of C which preserves the real axis. The derivative of pt with respect to t and evaluated at t = 0 is The next goal is to show that the linear functionals described in this theorem coincide with the ones derived in Examples 1 and 2 of section 1. In effect, this means we must find the elements of 2 which correspond under the isomorphism between (i) and (iii) in Theorem 1.1 to the linear functionals described in Theorem 2.1. Assume <p is of the form (1.2); we must calculate Re/ z<p(z)dz where the integration is from 0 to zoo. We get
because Jl Pj = 0. Here each of the integrals is from 0 to zoo . A primitive in the upper half plane for the integrand on the right-hand side of (2.8) is
. J2xjPjln(z-Xj),
where we take the single-valued branch of the logarithm in the upper half plane which has imaginary part between 0 and n. Since £ XjPj = 0, when we take the real part of this expression, the contribution at zoo is zero. We obtain This means that ReL coincides as a linear functional with ^B(x) from Example 2.
If we calculate the imaginary part of the integral in (2.8), once again we find the contribution from the upper limit of integration is zero. The lower limit contributes -nJ^XjPj where the sum is over the terms x} > 0. This means ImL(<p) = (tp, From (3.6), p. is also in Loo(C) and satisfies the symmetry condition. Although (3.7) is a singular integral, it is easier to handle than (3.3) because it does not involve a principal value. Moreover, the transform lifts to the mapping p*-+ p given by (3.6), which does not involve any integration at all. One can see why any smoothness property describable in terms of vanishing properties of p which are preserved under p *-* p is also preserved under the Hilbert transform. As an example, we observe that V(x) is Cx+a, 0 < a < 1, in an interval and otherwise in 2 if, and only if, V(x) is representable in the form (3.7) with bounded p and with \p(z)\<0(ya) for z approaching points of the interval. Therefore, the Hilbert transform of V is also Cx+a in the same interval. We have proved the following theorem, which is due to Zygmund and Kerckhoff. A proof that the Hilbert transform gives the almost complex structure on the tangent space to Teichmuller spaces of Fuchsian groups corresponding to their complex structures appears in the paper of Nag and Verjovsky, [13] . XI'
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To show that any of the three mappings Ti, E, or © is bounded, it suffices to show that 0 is bounded. Since the discussionjs invariant under conjugation by Mobius transformations, we may transform R to the boundary of the unit circle and the upper half plane to its interior. Since the norms on Jf and 38 are invariant under the action of Mobius transformations, it suffices to estimate 0c(O) in terms of ||<r||xh • To obtain this estimate, we subdivide the unit disk by means of a Carleson grid. This means we cut the disk of Euclidean radius 1/2 centered at the origin into two pieces by the diameter on the real axis. The annulus between this disk and the concentric circle of radius 3/4 is cut by radial lines into four equal pieces. Denote this annulus by A2 . The annulus A" between 1 -1/2"-1 and 1-1/2" is cut into 2" pieces by 2" equally spaced radial lines. Note that there exists a number C > 0 such that every piece of every annulus A" is contained in a non-Euclidean disk of radius C.
Assume that a is an atomic measure; then the integral (4.5) is a summation and (4.8) 16(7(0)1 <Y,\a-b\2\Xab\, where the summation is over all points {a, b} in the support of a. The denominator in the integrand of (4.5) drops out because we are assuming that the base space is the unit disk and, therefore, \a\ = \b\ = 1. Let S"(a) be the set of points {a, b} in the support of a such that the hyperbolic line Lab enters the annulus An but does not enter the annulus An-X. We claim that the sum of \kab\ over all {a, b} in S"(a) such that Lab enters one of the pieces of the annulus A" is bounded by a constant depending on C and the Thurston norm of ct . If not, then the mass(T(D) will not be bounded, where D is a disk of radius C and neither would it be bounded for disks of radius one. Since there are 2" pieces in each annulus, it follows that (4.9) Y, lA«*l * (const)||<7||Th2", {a,b} in S" (ct) where the constant depends on C. Since {a, b} is in 5"(ct) , the line Lab does not enter the annulus A"-i, which implies that \a -b\< 1/2"-1. Hence, the contribution in the summation (4.8) by the terms for which {a, b} is in S"(o) does not exceed a constant multiplied by ||crJ|xh2"/22"-2|. Summing over n , we obtain a bound for the linear operator 0. Because 77 and 7 are isomorphisms, this argument proves the following theorem. 
Infinitesimal earthquake measures
The next objective is to show that each of the three mappings, E, B , and 0, in diagram (4.7) is surjective. Since 77 and 7 are isomorphisms, we can do this by exhibiting an inverse to E. We give a recipe for constructing a measure ov in J? associated with an element V in 2 such that E(oy) = V. The measure oy is created by means of a quadratic polynomial convex hull construction.
From section 1, we know that by subtracting a suitable quadratic polynomial from V(x), we can make the vector field V(x)-^ vanish at oo. This means that \V(x)\ grows no faster than a constant times |xlog|x|| as |x| approaches oo. After this preliminary adjustment, which has the effect of making co a special point, we select any finite subset 5 of R which includes the point at co and which contains at least four points. Our first objective is to construct a positive-valued atomic measure 0$ which is determined solely by the values of V restricted to 5. The points of support of cts are unordered pairs {fl, b} of distinct elements of 5. We identify any unordered pair {a, b} with the hyperbolic line joining a to b. These lines are called lines of support for as. The measure as will have the property that no two of its lines of support intersect.
Let Vs equal V restricted to 5. A lower parabola for Vs is a function p(x) = Ax2 + Bx + C, with A < 0, whose graph lies on or below the graph of Vs and which touches this graph at three or more points. We also allow A = 0, but in that case the lower parabola is a lower line. We require that a lower line touch the graph of Vs at two or more points and otherwise lie entirely on or below the graph of Vs. Because of the assumed growth property of V(x)j^ as x approaches oo, we can think of these lower lines as touching the graph of V$ at three points, one of which is situated at oo.
We divide the procedure for finding as into two parts, the linear and the quadratic. To begin the linear part we take a lower line Li for Vs which touches its graph at its extreme left endpoint Xi and at least at one other point x2 to the right of xi. We choose x2 so that there is no other point to its right where Li touches the graph of Vs.
If there are no points of 5 lying to the right of X2 we go on to the quadratic part of the procedure. Assume for the moment that there is at least one other point of 5 to the right of X2 . We then raise a lower line L2 which touches the graph at the point above X2 and at one other point to the right of X2. We let X3 be the x-coordinate of the point of L2 which touches V$ and is furthest to the right among all points of contact of L2 with Vs. Then the unordered pair {x2, 00} is in the support of as and it is assigned weight k2 equal to 2 (the slope of L2-the slope of Li). We continue this procedure to the right until there are no more points of 5 lying further to the right. We obtain a finite sequence of unordered pairs {X2, 00} , {X3, 00}, {X4, 00},... with weights k%, A3, A4,... . Since they are all joined to 00, none of the lines of support for these unordered pairs intersect. Next, we describe the quadratic part of the procedure. It is applied separately, in each of the intervals subtended by points of contact with lower lines. If there is no point of 5 between xi and X2 , we go on to the next interval. If there is at least one such point, we raise a lower parabola
where kab is chosen as large as possible so that p(x) touches the graph of Vs at -least at one point between a and b and otherwise lies entirely below the graph of Vs. Then we assign weight kab to the unordered pair {a, b} and note that the line of support for {a, b} intersects none of the previously selected lines of support. After doing this, if possible, we repeat the quadratic procedure to the function Vs(x) -px(x). The newly selected line of support intersects none of the previously selected lines of support and gives a new quadratic polynomial P2(x). We then apply the quadratic procedure to V(x) -px(x) -p2(x). When it is no longer possible, the procedure ends, and we obtain lines of support with endpoints {aj, bj} where fl7 and bj are not adjacent points in 5. Moreover, the weights kj are such that, for x in 5, (5.2) Vs(x) = Y^jEajbjix) + (a quadratic polynomial).
;' If we let as be the atomic measure with weights kj at the support points {«;, bf}, we obtain E(os) -Vs . We indicated how to construct the measure ct of the following lemma.
Lemma 5.1. The measure os constructed above is nonnegative and has the nonintersection property. That is, the non-Euclidean lines of support Lab joining pairs of points a and b, where {a, b} is in the support of os, do not intersect. No two adjacent pairs of points in 5 are joined by a supporting line of as. For values of x in S, E(a$)(x) differs from V(x) by a quadratic polynomial. Moreover, a is the only atomic measure which is nonnegative, has the nonintersection property with lines of support joining nonadjacent pairs of points in S, and for which E(os)(x) differs from V(x) by a quadratic polynomial. Proof. To complete the proof of this lemma, we must show that ct is uniquely determined. The construction of a can be obtained from the lower quadratic polynomial convex hull of the graph of V restricted to 5. A lower quadratic polynomial is any quadratic polynomial of the form p(x) = Ax2 + Bx + C, where A < 0. We define p(x) to be allowable if, when A < 0, its graph lies on or below the graph of V restricted to 5 and must touch V restricted to 5 at three or more points. When A = 0, p(x) is allowable if its graph lies on or below the graph of V restricted to 5 and it touches the graph of V restricted to 5 at two or more points. The lower quadratic polynomial hull of V restricted to 5, which we denote by hull( V, S), is the intersection of regions lying above the graphs of these allowable functions p(x). Notice that the shape of hull( V, 5) determines the lines of support for as and also the weights kj . n-\\n-2) Remark 2. For a finite set 5 contained in the boundary of the unit circle and a homeomorphism of the boundary restricted to 5, mapping 5 to h(S), there is a global form of the construction used to prove Lemma 5.1. This global result is described in the introduction. It involves arguing with PSL(2, R) instead of with quadratic polynomials. The construction gives a way of viewing the Teichmuller space for the configuration of the points of 5 moving along the boundary of the unit circle as a topological cell. The cell is an amalgamation of N different copies of K"-3, where TV is the Catalan number defined in the previous remark. These copies are sewn together according to the way the allowable configurations collapse into one another. To each cyclic order preserving mapping of the set 5 to another subset h(S) of 51, determined up to postcomposition by a Mobius transformation, the construction gives a unique system of nonintersecting lines and a unique set of positive weights assigned to these lines. No two adjacent points of 5 are joined by a line. If the system of lines is not maximal, it is on the boundary of two or more of the TV cells. As n increases and 5 becomes more and more dense in the circle, the complex of these TV cells becomes a better and better approximation to universal Teichmuller space.
Lemma 5.2. For a given vector field V(x)j^ in 2, the measures as constructed from V restricted to the set 5 have Thurston norm bounded independently of the set 5 or the number n of elements in 5. Proof. Since each as is a nonnegative measure, it suffices to show that for bounded closed intervals L, M, R, and T = LuMuR in R for which the cross ratio MT/LR is equal to -1, the mass as(L x R) is bounded independently of 5. From Theorem 1.2, we can use the Zygmund norm and the Teichmuller norm interchangeably. Because the Teichmuller norm on an element V(x)j^ in 2 is a Mobius invariant, we may choose a coordinate so that L is an interval on the negative real axis and so that 7? is an interval on the positive real axis. Let Px be the element of 5 which is contained in L and which is nearest to zero. If there is no such element, then as(L x 7?) = 0. Similarly, let P2 be the element of 5 which is contained in 7? and which is nearest to zero. If we delete from L the interval [Px, 0] and from 7? the interval [0, P2], we do not change the mass os(L x 7?). We assume that L and 7? have been altered in this manner. Since Pi is joined to P2 by a line of support for 0$, there must be an element of 5 lying between Px and P2 • By an affine change of coordinate, not changing the Teichmuller norm of V, we can assume that 0 is this element of 5, that Px < -1, and that P2 > 1. The same type of argument allows us to assume that L is bounded below and that 7? is bounded above. By adding a linear function to V, not changing the Zygmund norm of V, we can assume that V(PX) = V(P2) = 0. The bound on the Zygmund norm of V in this coordinate determines a bound M on V(0) depending on the positions of the endpoints of L and 7? and on \\V\\Z . Any parabola which passes through L at a point with slope 1 and passes through R at a point with slope -1 must have height > 1/2 above the point x = 0. Therefore, the sum of the weights of the lines of support for as which join L to 7? is less than 2M and this proves the lemma. Now we select an ascending sequence 5i c 52 C 53 c • • • of finite subsets of R such that the closure of the union of the S" 's equals R. We also select a sequence of intervals 7*. and Jk , with Ik disjoint from Jk , such that the four endpoints of Ik and Jk have standard cross ratio equal to -1 and such that the union over k of Ik x Jk covers R x R-{diagonal}. Then we can select a subsequence of the measures a" associated with the sets S" which converge weakly to a nonnegative measure a on each Ik x Jk. Since the mass of a over Ik x Jk cannot be greater than the limit superior over n of the masses a"(Ik x Jk), the Thurston norm of a is bounded. Then W(x) and V(x) are identical elements of 2. Proof. We begin by remarking that ^(x) = // Eab(x) da"(a, b) coincides with V(x) on S" and converges to V. This is because, on any compact set, the family of functions Vn is equicontinuous with an xlogx modulus of continuity, the constant for which depends on the uniform bound ||f^||^-. Since for fixed x, Eab(x) is a continuous function of a and b, we could conclude that V(x) = W(x) if we knew that the sequence of measures a" had compact support.
For contiguous intervals L, M, and R with T = L U MU7?, in the notation of (1. In calculating W(LMRT), any set 7 x / in the support of a, with 7 to the left of xj and / to the right of X4, may be neglected from the integration because it contributes a function whose restriction to T is a quadratic polynomial and, therefore, does not affect the evaluation of W(LMRT). A similar remark applies to lines in the support of a both of whose endpoints are in the same interval, L, M, or 7?. Thus, to evaluate W(LMRT), we only need to consider lines in the support of a which join L to M, L to R,or R to M. Lines which join L to 7? form a compact set and on this set we apply the weak convergence of a" to a . Now consider an interval 7 of length 6 whose midpoint is X2. We can estimate the amount that the points of support of a which join L to R and whose endpoints are both in 7 contribute to ^(x). Because of formula (4.2) for Eab(x) and because of the bound Ti on the Thurston norm, it can contribute no more that Tie to the value of W(x). But on (L -I) x (M -I), a" is converging weakly to a. We can apply this same argument to the point X3 and to the uniformly Zygmund bounded functions ^(x). In the end we obtain the desired conclusion, which is that V(LMRT) = W(LMRT). Without loss of generality, we may assume that Vx(x)j^ and V2(x)j^ vanish at 00. We are going to evaluate these vector fields at quadruples of points in the support of axM a2. We will only consider quadruples two of whose points are in [0, a] and two of whose points are in [b, 00] . Moreover, all points of evaluation lie at endpoints of lines of support of axM a2. We call such quadruples of points allowable quadruples. S({1}) = ax + bx =a + b and P({1}) = axbx = ab, we see that, for all t with 0<r< 1, at + b,= j dS(s) and a,bt = / dP(s).
Using (iii), we obtain
Lemma. If a is a Thurston bounded measure and h is quasisymmetric, then h*a is a Thurston bounded measure and there exist constants A, B, and K(h) such that P*CT||Th<^(/l)||CT||Th + 5
where K(h) is a constant depending on the size of h in the quasisymmetric topology. The ordinary differential equation for earthquakes (left twisting or right twisting).
Let a = ay be the Thurston bounded measure corresponding to V constructed in section 5. For this measure a, let Eh(x) = JJEab(x)dh*a(a,b).
This means that Eh(x) is the image of h*a under the map E in (4.7). Find a curve of quasisymmetric mappings ht defined for all t > 0 with ho(x) = x and satisfying -r-hs+t°h-x(x) =Eh(x).
as s=0
This is the equation for left twisting; the equation for right twisting is obtained by changing the construction in section 5, using upper parabolas instead of lower parabolas. We already know that this equation has global solutions because of Thurston's earthquake theorem [18] and the application of that theorem to the class of quasisymmetric mappings 
